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SLOWLY VARYING FUNCTIONS WITH REMAINDER
IN THE THEORY OF MARKOV CRITICAL BRANCHING
PROCESSES WITH INFINITE VARIANCE

Azam A. Imomov, Abror Kh. Meyliev

Karshi State university, 17, Kuchabag street,
180100 Karshi city, Uzbekistan

ABSTRACT

We consider the critical Markov branching process, so that an infinitesimal generating function of the pro-
cess has the infinite second moment, but it regularly varies (in sense of Karamata) with remainder. We
improve the Basic Lemma of the theory of critical Markov branching process.

Keywords: Markov Branching Process; Slowly Varying Functions; Extinction time.

We consider the Markov Branching Process (MBP) {Z(t),t2 O} to be a homogeneous continuous-time

Markov chain with the state space S, ={0} U S, where S EN and N ={1, 2} . Transition probabili-

ties of the process P, (t) = P{ Z(1) =j| Z(0) I} satisfy the following branching property:

Fi>j ()= Ffj*(t) for all i, j is, (1)
where the asterisk denotes convolution. Herein transition functions Fij (t) expressed by
Ri(©= ¢ B &) as O, )

where d; is Kronecker's delta function and {aj} are intensities of individuals' transformation so that that

i
a,20for jl S\{l} and O<a, <a & ; see [1, Ch. l1I].

it v 3
Defining the generating function (GF) F(t;S) =a s R (1) S it follows from (1) and (2) that the
process {Z(t)} is determined by the infinitesimal GF f(S)=@8 is & d for sl [0,1). Let
m:=& ;¢ ja isfinite. Then M= fi(l 9. We consider the critical case thatis m=0.
Let R(t 9 =1 -F(t 9. Itisknown thatif fi (I-) < then
1 1 _fi@x)
R(t9 1- s 2

for all si [0,1); see [3, p. 20]. Later on V.Zolotarev [6] has found a principally new result on asymptotic

t @(nt) ast - A3)

representation of Q(t) = R(t0) without the assumption fi(r) < . Namely providing that
g(x) = f(1 -X) is a regularly varying function at zero, that is

lim x99 g
X0 g(X)
with index 1<g & +a 2, he has proved that
L~at as t- o, 4)
f (1- q(t))
Further, we assume that the infinitesimal GF f (S) has the following representation:
a 1
f(=(1 -9™L2 , 5
(9=@1 -9 (?l_s 5)

forall si [0,1), where 0<n < and L (*) is slowly varying (SV) function at infinity in sense of Karamata;
see [5]. By the criticality of the process the condition (5) implies that fi(lr) = .
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A.Pakes [4], in proof of limit theorems has established, that if the condition (5) holds then
1 a a 1l ¢
_=Ug Vae— & (6)
R(t, S) C cl- S =

where V(X) =M (1 S X) and M (S) is GF of invariant measures of MBP. And U (Y) is the inverse of

V (X). From (6) follows an alternative relation to (4):
1
t)=——.
a0 =5 O

The Lemma below improves assertions (3) and (6), because firstly the finiteness of fi (%) de-

clined here and secondly the character of asymptotical decreasing of the function R(t 9 seems to be
more explicitly rather than in (6).
At first letting L (y): =y'L (]/ y) for Yl (0,1] we rewrite (5)as f(1- y) =y (y). Note that the

function YL (Y) is positive and tends to zero and has a monotone derivative so that yLi(y)/ L(y) -7
as Y®O0; see [2, p. 401]. Thence it is natural to write

R =y 1 gy, @

L(y)

where d(Y) is continuous and d(y)- 0 as y®0.

Since L (*) is SV itis natural to write

L(/x)

L

for each / >0, where S(X)- 0 as X- & . If henceforth it is supposed that there is some positive

function g(X) sothat g(X)- 0 and s(X) = O( o X)) , then L (*) is said to be SV-function with remain-

der at infinity; see [2, p. 185, condition SR1]. We see S(X) = O( L(]/ X)) as X- o,
Lemma. If conditions (7) and (8) hold, then
1 1 ‘
- 7t R(u 9) du
L(R(t9) L -9 Oﬁﬂ )
If, in addition d(y) = L(Y), then

1 1 1,
L(R(t;$)_ T 7t 77+In ft;s) ofin (#9)

ast- o where2(t;s)= L1 9t 1forall si [0,1).

=1 6(x) ®)
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J{ N THE BASIC LEMMA OF THE THEORY OF CRITICAL
GALTON-WATSON BRANCHING PROCESSES
WITH POSSIBLY INFINITE VARIANCE

Azam A. Imomov, Erkin E. Tukhtaev

Karshi State university, 17, Kuchabag street,
180100 Karshi city, Uzbekistan

ABSTRACT

We investigate an application of slowly varying functions (in sense of Karamata) in the theory of Galton-
Watson branching processes. Consider the critical case so that the generating function of the per-capita
offspring distribution has the infinite second moment, but its tail is regularly varying with remainder. We
improve the Basic Lemma of the theory of critical Galton-Watson branching processes and refine some
well-known limit results.

Keywords: Galton-Watson branching process, slowly varying functions, generating functions.

Let f(s)=a iin P 3 denote an offspring probability generating function (PGF) of Galton-Watson (GW)

branching process, where N, ={0} UN and N ={1, 2,...} . Supposing that p, >0 we consider the case
when the mean per-capita offspring number § N jpj =1, that is the process is critical; see [1]. Moreover

we assume that PGF f (s) for si [0,1) has the following representation:

o}

" 1
f(9)=s 41 ¢ L%,l—s @)

where 0</7 4 and L(*) is slowly varying (SV) function at infinity in sense of Karamata; see [3]. By the
criticality of our process the condition (1) implies that the second moment (%) = .
Let Z(n) be the population size in n-th generation in GW process and

R(M=P{Z(n =]Z0) #
is N-step transition probabilities of the process. In this interpretation P, = P{ Z(Q) =J} provided that

P{ Z(0)= J} =. Itis known that PGF
f(m9=8a R(ns
iTNg
is N-fold iteration of f (s); see [1].

An asymptotic representation of R(rt 9 =1 - f( n § plays an important role in investigation of
the process and in literature this assertion called Basic Lemma of the theory of critical GW branching pro-
cesses. First the Basic Lemma established provided that fi(Jr ) < ; see [1]. Later on R.Slack [4], [5]
found an asymptote of R(n0)= P{H >r} , where H = min{n :Z(n) =0} , in the case when L(*) is

SV at zero.
In this report we will improve the above mentioned results imposing additional conditions on the
function L(*). Since L(*) is SV-function we can write

L(/x)
L(X)

foreach / >0, where a(x)- 0 as X- & . Henceforth we suppose that some positive function g(X)

=1 a(x) 2

is given so that g(x) - O and a(x) = 0( o( )9) as X- B . Inthis case L(*) is called SV with remain-

der; see [2, p. 185, condition SR3].
Write
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L(y)::YLZ;e% -_g—f(l' y)y'(l Y)

A main result of the report is following lemma.
Lemma. Let conditions (1) and (2) hold. Then

1 1 1+n
[Rg) @ ™ 2l @o9my +ms

where r(n;9) = o(In r‘) +€én $ and e(n; s) is bounded uniformly for si [0,1) and converges to a
limit e(s) as N- & which is a bounded function of si [0,1).

At S=0 it follows from last lemma the following results.
Theorem 1. Let conditions (1) and (2) hold. Then

N()a 1 #Inn Alnn
P{H >n} (nn)ﬂ"% 7 n O%T

Al aH e}

as N- B where N (n) is SV-function such that
o ]//7 ~
.y, 2N 0
N (n)O_]/”aé—) 0% as n - 1
SBN (n 9
Theorem 2. Let conditions (1) and (2) hold. Then

10 N (n& (@1+n)’ Inn  Alnn
m B,(n=—4~
R S R T

J.0:0

where N, ()N “*(n)- lasn- @,
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] jLbkd kO] ESOLOdd 7 dLdjdjdd?2 o 1§ sdERyddg degjjSlss i thidss
fdzj HEzs h OW Isj Stej dBO.
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ydls, w®©Oe jdzMlsets (1) wWodzwjlsfqw IssyHiMlsosds Blzdzj o 852 0Odze j Bt
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2. ceGdzsd3 R. [ . 1 dJtsBT Cdzetso j dgdzgOW Odzg jBte®. [.: 1 02CO, 196
3. cetses R. [ . 1 kdzjo O MekzCIskzte® d jj dBsHjdzd. [.: atse.
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ey =f(uyv),
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bx=c@+h(u,v),

eulp.0Oh,0 ¢, oO.

vihdzso d j 3 BB tcOIsdiksmisd ftoj sBteOL s Oded™ (2) WwWodzw jlsfmw
cOL B9 Odedw, 5. § .
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0 g, 9.0 ©)
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ey =f(uv),
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tx=c@+h.
v itste] i3Q Sled o  Odz' ZOW Oo lstsdets dgdzO™ fMdMlsj KO (1) dgj HEY kh
Cokff' ftoj sBEOL 8o Oded™ (2) .
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fto] 5BOL 5o Odzdj B (5), Jfdd d bsd ¢t jhmdkd M
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MODELING THE MAGNETOPTICAL RESPONSE
TO BISMUTH CRYSTALS

Kondakov O.1
! University of Kuala Lumpur - Malaysian Institute of Aviation Technology, (Malaysia)

ABSTRACT

It has been demonstrated that results of the high field experiment can be modeled by calculation of the
coefficient of a transmission. The problem is modeled using Maxwell equations where the medium effect
on the propagation of the electromagnetic wave is taken into account by the permittivity tensor composed
of nine components. View the complexity of the problem, analytic method together with numerical method
and scientific computing techniques are applied.

Keywords: interband transitions, momentum space, magneto-optical effect in bismuth.

The magneto-optical effect in bismuth [1], when interband transitions of electrons occur under the action of
electromagnetic radiation, was observed in a wide range of crystallographic directions and temperatures
[2]. Another example, when modeling the shape of an experimental line made it possible to obtain com-
pletely new information on the dynamics of the interaction of electromagnetic radiation with matter, is the
definition of the region of interband transitions in momentum space.

In the orientation, when the magnetic field induction vector was located in the binary plane at different
angles to the bisector and trigonal axes, extremely complex magneto-optical spectra were obtained in some
directions that at first glance contradict modern ideas about the bismuth band structure.

With an arbitrary orientation of the magnetic field induction vector with respect to crystallographic directions,
no more than three series of magneto-optical oscillations should be observed. At least four series of mag-
neto-optical oscillations were experimentally observed [3]. Therefore, the modeling of magneto-optical
spectra was carried out in the framework of the consideration of several alternative hypotheses. Only a
detailed simulation of the magneto-optical spectra made it possible to substantiate the conclusion about
the experimental observation of magneto-optical oscillations due to the non-ellipsoidal nature of the Fermi
surfaces. The surface of the Fermi bismuth only as a first approximation is a triaxial ellipsoid. A detailed
study of the Fermi bismuth surface at low temperatures and various concentrations of charge carriers,
analysis of experimental data in the framework of the McClure and Choi model of the electronic energy
spectrum, which takes into account the terms in the dispersion law with 3 and 4 degrees in the wave vector,
made it possible similar to the type of "dog bone". It is this form of the Fermi surface that, in the case of a
certain orientation, given the high quality of the crystal, can form three systems of Landau tubes. As proof
of the presented point of view, the values of cyclotron masses do not exceed the heaviest cyclotron mass,
whi ch corresponds t o Thafactteakthewatuesefithe dytlabronanasdis gropartional
to the extremal cross-sections. Thus, it can be concluded that the deviation from the ellipsoidal surface is
small, which fits well into modern ideas about the shape of the bismuth Fermi surface.

In the direction along the magnetic induction vector, there is no quantization of the electron energy spec-
trum. The wave number is quasi-continuous due to the huge number of states. It will be interesting to clarify
the question of how far in momentum space is the region in which the events considered in the work take
place, and to compare the data obtained with certain characteristic sizes for bismuth. The natural value
with which it makes sense to make a comparison is the surface of constant energy. The dimensions of the
surfaces of constant energy were calculated in the framework of the ellipsoidal model, the electron concen-
tration was assumed to be equal to the hole concentration and was 4 . 5 ¥ fip0'. Since the summation
over the wave vector for electrons with different cyclotron masses was carried out separately, it was possi-
ble to obtain the transition regions for each of the extrema separately.

Total, these regions can be united by a circle with aradiusof R= 1, ?fim%.@hus, the region of interband
transitions in momentum space does not exceed one-third of the largest size of the Fermi bismuth surface
at point L of the Brillouin zone. For configurations, when the magnetic field induction vector was located at
different angles to the directions of high symmetry in bisector and binary planes, a set of magneto-optical
spectra was also obtained. They carried out a numerical analysis, as a result of which a three-dimensional
region was obtained at L points of the Brillouin zone, within which inter-band electron transitions occur in
bismuth under the action of electromagnetic radiation with a wavelengthof 1= 10. 6 em. Thi s r e
triaxial ellipsoid, oriented similarly to the Fermi surface for electrons at point L of the Brillouin zone. Its size
along the trigonal axisis 1 . 0 9(fim®), along the binary axis 8 1 . 7 9(fimc), along the direction of elon-
gation of the isoenergy surface 2 . 6 L(fimc).
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BASIC ASPECTS OF POWER GEOMETRY

Soleev A.

Samarkand State University, Samarkand, Uzbekistan
asoleev@yandex.ru

In this paper, we explain basic ideas; general statements of the Power Geometry are in [1,2,3] (in
the case d=2,3). Power Geometry is a hew calculus developing the differential calculus and aimed
at the nonlinear problems. The algorithms of Power Geometry are based on the study of nonlinear
problems not in the original coordinates, but in the logarithms of these coordinates. Then to many
properties and relations, which are nonlinear in the original coordinates, some linear relations can be
put in correspondence. They allow to simplify equations, to resolve their singularities, to isolate their
first approximations, and to find either their solutions or the asymptotic of the solutions.

Algorithms of Power Geometry are applicable to equations of various types: algebraic, ordinary dif-
ferential and partial differential, and also to system of such equations. There are many nonlinear
problems which may be solved by these algorithms (and by them only). With the help by these algo-
rithms, namely, with the help of the Newton polyhedron and power transformations, this non-linear
problem is reduced to situations similar to the implicit function theorem. For example, in the local
analysis of two equations in three variables, i.e. the problem of resolving a singularity of an algebraic
curve in the three-dimensional case in a small neighborhood of a singular point, we come to the
problem of uniformization of a space algebraic curve and its transformation to a plane algebraic
curve [1]. After that, near the considered singular point, one can obtain the asymptotic expansion of
a piece of this curve

The effectiveness of the algorithms was demonstrated on some complicated problems from various
fields of science (Robotics, Celestial Mechanics, Hydrodynamics and s.0.). Power Geometry is based
upon the three concepts: the Newton polyhedron, the power transformation and the logarithmic
transformation.

LITERATURE

1. Bruno A.D. and A. Soleev: Local uniformization of branches of a space curve, and Newton

polyhedra. St. Peterburg Math. J. 3:1 (1992) 53-82.

2. Bruno A.D. and A. Soleev: First approximations of algebraic equations. Doklady Akad. Nauk

335:3 (1994) 277-278 (Russian) = Russian Ac. Sci. Doklady. Mathem. 48:3 (1994) (English).
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